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Infrared finite coupling in Sudakov resummation: the precise set-up
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I show that Sudakov resummation takes a transparent form if one deals with the second logarithmic
derivative of the short distance coefficient functions for deep inelastic scattering and the Drell-Yan
process. A uniquely defined Sudakov exponent emerges, and the constant terms not included in the
exponent are conjectured to be given by the second logarithmic derivative of the massless quark form
factor. The precise framework for the implementation of the dispersive approach to power corrections
is set-up, yielding results in agreement with infrared renormalon expectations, but which are not
tied to the single (dressed) gluon exchange approximation. Indications for a Banks-Zaks type of
perturbative fixed point in the Sudakov effective coupling at low Nf are pointed out. Existence of
a fixed point in the Sudakov coupling is argued to imply its universality.
PACS numbers: 11.15.Pg,12.38.Aw,12.38.Cy
The infrared (IR) finite coupling (“dispersive”) approach
to power corrections [1] provides an attractive frame-
work where the issue of universality can be meaningfully
raised. This approach however seems to be tied in an
essential way to the single gluon exchange approxima-
tion. In this paper (which is an improved version of [2])
I show that it can actually find a precise implementation
in the framework of Sudakov resummation, and that its
validity extends beyond single gluon exchange. Previ-
ously discussed [3, 4] ambiguities, related to the variety
of resummation procedures, are now resolved through an
additional prescription. Some new results are presented
concerning the universality issue. It also appears that
a previously provided [3, 4] large Nf evidence in favor
of the IR finite coupling approach should be dismissed,
the coupling having been incorrectly identified as Eu-
clidean. The new interpretation of the same formal re-
sults still supports the IR finite coupling idea, but in a
non-perturbative framework, in the spirit of the original
[1] proposal. Some indications for an IR finite perturba-
tive Euclidean coupling of the Banks-Zaks type at rather
small Nf are nevertheless pointed out.
Consider first the scaling violation in deep inelastic
scattering (DIS) in Mellin space at large N . One can
show [3, 4] that Sudakov resummation takes in this case
the very simple form
d lnF2(Q
2, N)
d lnQ2
= 4CF
∫ Q2
0
dk2
k2
G(Nk2/Q2)AS(k
2)
+4CFH(Q
2) +O(1/N), (1)
where the “Sudakov effective coupling” AS(k
2) =
as(k
2) + A1a
2
s(k
2) + A2a
3
s(k
2) + ..., as well as H(Q2) =
h0as(Q
2)+h1a
2
s(Q
2)+h2a
3
s(Q
2)+ ..., are given as power
series in as ≡ αs/4π with N -independent coefficients. In
the standard resummation framework one has AS(k
2) =
AstanS (k
2) with
4CFA
stan
S (k
2) = A(as(k
2)) + dB(as(k
2))/d ln k2, (2)
where A (the universal “cusp” anomalous dimension)
and B are the standard Sudakov anomalous dimensions
relevant to DIS, and G(Nk2/Q2) = Gstan(Nk
2/Q2) ≡
exp(−Nk2/Q2) − 1. The Sudakov integral on the right
hand side of eq.(1) contains, besides logarithmic and con-
stant terms, also terms which vanish at large N order by
order in perturbation theory. The latter can be removed,
and absorbed into the O(1/N) terms, using the equiva-
lent relation
d lnF2(Q
2, N)
d lnQ2
= 4CF
[ ∫ ∞
0
dk2
k2
G(Nk2/Q2)AS(k
2)
−G(∞)
∫ ∞
Q2
dk2
k2
AS(k
2)
]
+4CFH(Q
2) +O(1/N). (3)
The two integrals on the right hand side of eq.(3), when
expanded in powers of as(Q
2), contain only logarithmic
and constant terms, and are free of O(1/N) terms. Since
G(∞) = −1, these integrals are separately ultraviolet
(UV) divergent, but their sum is finite. It was further
observed in [3, 4] that the separation between the con-
stant terms contained in the Sudakov integrals on the
right hand side of eq.(1) or (3) and the “leftover” con-
stant terms contained in H(Q2) is arbitrary, yielding
a variety of Sudakov resummation procedures, different
choices leading to a different “Sudakov distribution func-
tion” G(Nk2/Q2) and effective coupling AS(k
2), as well
as to a different function H(Q2). The new observation
of the present paper is that this freedom of selecting the
constant terms actually disappears by taking one more
derivative, namely
d2 lnF2(Q
2, N)
(d lnQ2)2
= 4CF
∫ ∞
0
dk2
k2
G˙(Nk2/Q2)AS(k
2)
+4CF [dH/d lnQ
2 −AS(Q
2)] +O(1/N), (4)
where G˙ = −dG/d ln k2. The point is that the integral
on the right hand side of eq.(4) being UV convergent, all
2the large N logarithmic terms are now determined by the
O(N0) terms contained in the integral, which therefore
cannot be fixed arbitrarily anymore. Indeed, putting
S(Q2/N) =
∫ ∞
0
dk2
k2
G˙(Nk2/Q2)AS(k
2), (5)
it is easy to show that
S(Q2/N) = c0as(Q
2) + (β0c0L+A1c0 − β0c1)a
2
s(Q
2)
+[β20c0L
2 + (2β0(A1c0 − β0c1) + β1c0)L
+O(L0)]a3s(Q
2) + ..., (6)
where L = lnN and cp =
∫∞
0
dǫ
ǫ G˙(ǫ) ln
p(ǫ). Thus c0 de-
termines all the leading logarithms of N (which implies
that c0 = 1), while the combination A1c0 − β0c1 deter-
mines the sub-leading logarithms and is therefore fixed,
etc..., which shows that the Sudakov exponent S(Q2/N)
is uniquely determined.
This observation implies in turn that the combination
dH/d lnQ2 − AS(Q
2), which represents the “leftover”
constant terms not included in S(Q2/N), is also uniquely
fixed. In fact, I conjecture that it is related to the space-
like on-shell electromagnetic quark form factor [5, 6]
Fq(Q
2) by
4CF
(
dH
d lnQ2
−AS(Q
2)
)
=
d2 ln
(
Fq(Q
2)
)2
(d lnQ2)2
. (7)
The fact that the second logarithmic derivative of the
form factor is both finite and renormalization group in-
variant follows from the properties [7] of the evolution
equation satisfied by the form factor. Eq.(7) has been
checked [8] to O(a4s). Further checks to all orders at large
Nf are under consideration. Eq.(7) shows that the choice
of AS is indeed correlated with that of H , whose deriva-
tive represents the “non-universal” part of AS . Thus
Sudakov resummation takes the very suggestive form
d2 lnF2(Q
2, N)
(d lnQ2)2
= 4CFS(Q
2/N) +
d2 ln
(
Fq(Q
2)
)2
(d lnQ2)2
+O(1/N), (8)
where the form factor term isolates the virtual contribu-
tions.
For the short distance Drell-Yan (DY) cross section, the
analogues of eq.(1), (4) and (7) are
d lnσDY (Q
2, N)
d lnQ2
= 4CF
∫ Q2
0
dk2
k2 GDY (Nk/Q)AS,DY (k
2)
+4CFHDY (Q
2) +O(1/N), (9)
d2 lnσDY (Q
2, N)
(d lnQ2)2
= 4CF
∫∞
0
dk2
k2 G˙DY (Nk/Q)AS,DY (k
2)
+4CF [dHDY /d lnQ
2 −AS,DY (Q
2)]
+O(1/N), (10)
where G˙DY = −dGDY /d ln k
2, and
4CF
(
dHDY
d lnQ2
−AS,DY (Q
2)
)
=
d2 ln |Fq(−Q
2)|2
(d lnQ2)2
, (11)
where Fq(−Q
2) is the time-like quark form fac-
tor. Within the standard resummation framework
GDY (Nk/Q) = G
stan
DY (Nk/Q) ≡ exp(−Nk/Q) − 1 and
AS,DY (k
2) = AstanS,DY (k
2) with
4CFA
stan
S,DY (k
2) = A(as(k
2)) +
1
2
dD(as(k
2))
d ln k2
, (12)
where D is the usual D-term. Eq.(7) and (11) are akin to
previous results [9, 10, 11, 12, 13] relatingN -independent
terms to form factor type contributions.
However, although the Sudakov exponent S(Q2/N)
(eq.(5)) is uniquely determined, the Sudakov distribu-
tion function and effective coupling are still not. For in-
stance, eq.(6) shows that the value of A1 is correlated to
that of c1, with only the combination A1c0 − β0c1 fixed.
In fact, one can look at eq.(5) for any given choice of the
distribution function G(Nk2/Q2) as defining an integral
transform mapping the effective coupling AS(k
2) to the
Sudakov exponent [14] S(Q2/N). The only obvious con-
straint on the transform is the normalization c0 = 1.
From this point of view, all choices of G are equivalent
for the purpose of resumming Sudakov logarithms, and
the very question [4] whether AS(k
2) should be identified
to an Euclidean or to a Minkowskian coupling cannot be
answered at this stage: we simply deal with an infinite
variety of different representations of S(Q2/N). A pre-
scription to single out the correct representation relevant
for the issue of power corrections in the IR finite cou-
pling approach is needed, which can only be provided
by additional physical information. It is true that in
principle the different mathematical representations of
S(Q2/N) are all equivalent. However, some nonpertur-
bative features of AS(k
2), which should be taken into
account in phenomenological parametrizations, will de-
pend upon the particular representation chosen. For in-
stance, some choices may be incompatible with the IR
finite coupling hypothesis, or may involve renormalons
in the perturbative series for AS(k
2) itself, or introduce
large UV power corrections inAS(k
2). In practice [1], one
would like to deal with an IR finite and renormalon-free
Euclidean AS(k
2) with no large UV power corrections.
Only then the power corrections are correctly obtained
from the low k2 expansion of the Sudakov distribution
function. In absence of the appropriate criterion, predic-
tions such as existence of an O(1/Q) linear power correc-
tion [15] in Drell-Yan, or logarithmically-enhanced power
corrections [4], which follow from particular choices of G,
cannot be a priori dismissed. One should also stress that
the ansatz for the IR finite behavior of AS(k
2) at low
scales represents an alternative to the shape function [16]
approach. Moreover, there is no problem [17] with such
3an ansatz to invert the Mellin transform to momentum
space.
One way to give a physical interpretation to the Su-
dakov effective coupling AS(k
2), and eliminate the non-
uniqueness in its definition, is to try to associate it to
some kind of dressed gluon propagator, which does not
seem possible in general, since resummation formulas
such as eq.(4) or (10) are valid beyond the single gluon ex-
change approximation. However, in the large Nf (“large
β0”) limit of QCD, the latter approximation naturally
arises. In particular, the dispersive approach [1, 18] al-
lows to identify a physical Minkowskian coupling
AMinkS,∞ (k
2) =
1
β0
[
1
2
−
1
π
arctan(t/π)
]
, (13)
which is the time-like (integrated) discontinuity of the
Euclidean one-loop coupling (the “V-scheme” coupling)
associated to the dressed gluon propagator
AEuclS,∞ (k
2) = 1/(β0t), (14)
where t = ln(k2/Λ2V ) (ΛV is the V-scheme scale parame-
ter). It is then natural to select the Sudakov distribution
function by the requirement that the associated effective
coupling is just AMinkS,∞ (k
2) at large Nf . As shown in
[3, 4], this ansatz fixes the corresponding “Minkowskian”
distribution function (which one could also call “charac-
teristic function” following [1]) to be given in the DIS
case by GMink(Nk
2/Q2) = G¨(ǫ), with ǫ = Nk2/Q2 and
G¨(ǫ) = Gstan(ǫ)−
1
2
ǫ exp(−ǫ)−
1
2
ǫ Γ(0, ǫ) +
1
2
ǫ2 Γ(0, ǫ),
(15)
where Γ(0, ǫ) is the incomplete gamma function. The
function G¨(ǫ) is obtained from the finite N characteristic
function [1] F(λ2/Q2, N) (where λ is the “gluon mass”)
by defining G(y,N) ≡ F(λ2/Q2, N) with y ≡ Nλ2/Q2,
and taking the N → ∞ limit at fixed y: G¨(y,N) →
G¨(y,∞) ≡ G¨(y) (where G˙ = −dG/d lnQ2).
In the Drell-Yan case, the same requirement yields in-
stead GDYMink(Nk/Q) = G¨DY (ǫ
2
DY ), with ǫDY = Nk/Q
and
G¨DY (ǫ
2
DY ) = 2
d
d lnQ2
[K0(2Nk/Q) + ln(Nk/Q) + γE ] ,
(16)
where K0 is the modified Bessel function of the sec-
ond kind, and the right hand side is an even function
of Nk/Q. Similarly, G¨DY (yDY ) is obtained by taking
the large N limit at fixed yDY = N
2λ2/Q2 of the finite
N characteristic function [1] FDY (λ
2/Q2, N). The same
distribution function GDYMink(Nk/Q) also follows from the
resummation formalism (not tied to the single gluon ap-
proximation) of [19], which therefore uses an implicitly
Minkowskian framework in the above sense.
In the Minkowskian formalism, only non-analytic
terms in the small “gluon mass” expansion of the charac-
teristic function do contribute [1] to the IR power correc-
tions, through their discontinuities. The IR power correc-
tions are actually more simply parametrized [20, 21] by
low energy moments of the Euclidean coupling, related
to the Minkowskian coupling by the dispersion relation
AEuclS (k
2) = k2
∫ ∞
0
dy
AMinkS (y)
(k2 + y)2
. (17)
It is therefore useful to introduce the corresponding Eu-
clidean distribution function GEucl (where all the terms
of the low energy expansion contribute to the IR power
corrections). In the DIS case, the latter should be related
to GMink by the dispersion relation
GMink(ǫ) = ǫ
∫ ∞
0
dy
GEucl(y)
(ǫ + y)2
. (18)
Actually GEucl turns out not to exist in this case, since
the discontinuity of the correspondingGMink(ǫ) (eq.(15))
for any finite ǫ < 0 is of the form aǫ2+ bǫ4 (yielding only
two [22] power corrections in the Sudakov exponent, with
no logarithmic enhancement). One then has to rely on
the procedure of [20, 21] to relate IR power corrections
to moments of the Euclidean coupling.
In the Drell-Yan case, one gets
GDYEucl(ǫDY ) = J0(2ǫDY )− 1 ≡ G˜
DY
Eucl(ǫ
2
DY ), (19)
where J0 is the Bessel function, an even function of
ǫDY = Nk/Q: this property ensures only even power cor-
rections (with no logarithmic enhancement) are present,
in agreement with the renormalon argument [23]. In par-
ticular, there are no O(1/Q) correction. The analogue of
eq.(18) is
G˜DYMink(ǫ
2
DY ) = ǫ
2
DY
∫ ∞
0
dy
G˜DYEucl(y)
(ǫ2DY + y)
2
. (20)
where G˜DYMink(ǫ
2
DY ) ≡ G¨DY (ǫ
2
DY ) (eq.(16)).
Being Nf -independent, the same Euclidean or
Minkowskian distribution functions, now fixed through
the large Nf identification of the Sudakov effective cou-
plings, can then be used to determine the corresponding
couplings at finiteNf in the usual way, requiring the large
N logarithmic terms on the left hand side of eq.(1) and
(9) (with G = GMink and GDY = G
DY
Mink or G
DY
Eucl) to
be correctly reproduced order by order in perturbation
theory. It is natural to keep referring to the resulting
AMinkS (k
2) and AMinkS,DY (k
2) couplings (or AEuclS (k
2) and
AEuclS,DY (k
2) couplings) as Minkowskian (resp. Euclidean )
even at finite Nf , where identification to a dressed gluon
propagator is no longer possible. This proposal is equiv-
alent to generalize the basic equation of the dispersive
4approach to all orders in αs at finite Nf to the large N
statement (in e.g. the DIS case):
d lnF2(Q
2, N)
d lnQ2
= 4CF
∫∞
0
dλ2
λ2 F¨(
λ2
Q2 , N)A
Mink
S (λ
2)
+4CF∆HMink(Q
2) +O( 1N ), (21)
where a “leftover” ∆HMink(Q
2) contribution is still ex-
pected at finite Nf .
IR finite coupling issue: although the large Nf coupling
AMinkS,∞ (k
2) of eq.(13) is IR finite, it cannot be taken as
an evidence in favor of the IR finite coupling approach
to power corrections at the perturbative level, contrary to
the statements in [3, 4], since it is now clear it should be
identified to a Minkowskian coupling. The correspond-
ing perturbative Euclidean coupling AEuclS,∞ (k
2) is just the
one-loop V-scheme coupling (eq.(14)) which has a Lan-
dau pole, and thus by itself provides no evidence in favor
of the IR finite coupling approach, which relies in an es-
sential way [1, 20] on the IR finitness of the Euclidean
coupling. The assumption of IR finitness must therefore
be made, as usual [1], at the non-perturbative level, by
postulating the existence of a non-perturbative modifica-
tion δAEuclS (k
2) of the Euclidean coupling at low scales.
There is nevertheless some (admittedly not yet conclu-
sive) indication for the existence of an IR fixed point in
the perturbative Euclidean coupling at finite Nf . Indeed
the three-loop Sudakov effective coupling beta-function
dAEuclS
d ln k2
= −β0(A
Eucl
S )
2−β1(A
Eucl
S )
3−βEucl2 (A
Eucl
S )
4+...
(22)
does have a positive zero AEuclS,IR even at low Nf values,
due to a large negative three-loop coefficient βEucl2 =
−321.0− 1508.5Nf+84.6N
2
f (DIS case). For instance at
Nf = 4 one gets 4πA
Eucl
S,IR ≃ 0.6, which looks marginally
perturbative (a similar value is obtained in the Drell-Yan
case). Of course, as in other examples [24], this fixed
point could be easily washed out by 4-loop corrections.
However, for Nf close to the value 16.5 where asymptotic
freedom is lost, there is a Banks-Zaks [24, 25] type of
fixed point, which is expected to persist within the so-
called “conformal window”, whose lower boundary might
eventually extend down to Nf values as low [26] as Nf =
4. Although the standard Banks-Zaks expansion ofAEuclS,IR
in powers of 16.5−Nf appears divergent at Nf = 4, the
modified expansion suggested in [27] yields a reasonably
small next-to-leading order correction:
AEuclS,IR ≃ ǫ(1 + 5.3ǫ+ ...), (23)
where ǫ = (−β0/β
Eucl
20 )
1/2 ≃ 0.06 at Nf = 4, with
βEucl20 ≡ β
Eucl
2 |Nf = 16.5. The issue of an IR finite
perturbative Euclidean Sudakov coupling at low values
of Nf is thus still open.
Universality issues: apart from its intuitive appeal, the
IR finite coupling approach is potentially more power-
ful then related approaches [20, 28, 29] based on Borel
resummation, since it allows some statement on the uni-
versality of power corrections to various processes. In-
deed, I note that at large Nf there is universality to all
orders in αs between A
Eucl
S (k
2) and AEuclS,DY (k
2), which in
the present framework are both prescribed to be equal
to the one-loop V-scheme coupling in this limit. At fi-
nite Nf however it easy to check that universality in the
ultraviolet region holds only up to next to leading order
in αs, where the DIS and Drell-Yan Euclidean Sudakov
effective couplings actually coincide [30] (up to a 1/4CF
factor) with the “cusp” anomalous dimension A(as(k
2)),
but is lost beyond that order.
On the other hand, an interesting universality property
holds in the IR region at finite Nf , assuming the Su-
dakov effective couplings reach non-trivial IR fixed points
at zero momentum: this happens in particular within
the above mentioned “conformal window”, but could
also take place for lower Nf values below it, if one as-
sumes [1] the couplings are kept IR finite there through
a low energy non-perturbative modification. Indeed, in
the standard resummation formalism the DIS and Drell-
Yan Sudakov couplings differ from the (universal) cusp
anomalous dimension only by (non-universal) momentum
derivative terms (eq.(2) and (12)): they are expected to
vanish at zero momentum, if scale invariance holds there
(i.e. if the B andD Sudakov anomalous dimensions reach
also non-trivial IR fixed points). One thus expects in
the standard scheme equality (up to a 1/4CF factor) of
the DIS and Drell-Yan Sudakov couplings IR fixed points
with the cusp IR fixed point value:
4CFA
stan
S (0) = 4CFA
stan
S,DY (0) = A(0). (24)
Moreover, this property is independent of the previously
discussed ambiguity in the choice of the Sudakov effective
couplings and of the variety of Sudakov resummation pro-
cedures. Indeed, eq.(7) shows that for a given selection of
“leftover” constant terms (contained in the renormaliza-
tion group invariant function H(Q2)), the corresponding
coupling AS(Q
2) differs from the universal quantity [31]
(for space-like processes)
AallS (Q
2) ≡ −
1
4CF
d2 ln
(
Fq(Q
2)
)2
(d lnQ2)2
(25)
only by a total derivative:
AS(Q
2) = AallS (Q
2) + dH/d lnQ2. (26)
The latter is again expected to vanish at zero momen-
tum if one assumes [32] H(Q2) also reaches a non-
trivial IR fixed point H(0). A similar argument ap-
plies to AS,DY (Q
2) using eq.(11), with AallS (Q
2) re-
placed by its time-like counterpart Re[AallS (−Q
2)] =
5− 14CF
d2 ln |Fq(−Q
2)|2
(d lnQ2)2 . Thus we expect, for any resumma-
tion procedure (assuming the IR fixed points exist)
AS(0) = AS,DY (0) = A
all
S (0), (27)
which also reveals [33], comparing with eq.(24), that
4CFA
all
S (0) = A(0). (28)
I note that eq.(27) is sufficient to establish IR univer-
sality, even if eq.(24) and (28) do not hold [34]. These
remarks give some support to the (approximate) univer-
sality of the corresponding IR power corrections in the
IR finite coupling approach.
In conclusion, the present paper sets the stage for
a precise implementation of the dispersive approach in
the framework of Sudakov resummation. The correct
Sudakov distribution functions relevant to the issue of
power corrections have been determined both for DIS
and Drell-Yan. In the Minkowskian representation, they
are simply given by the corresponding “characteristic
functions” of [1] (or they (appropriately defined) large
N limits). The results concerning power corrections are
in agreement with the IR renormalon expectations, but
do not rely on the single gluon exchange approximation.
This procedure should be easily extended to the class
of inclusive processes discussed in [35]. It has also been
argued that the assumption that Sudakov effective cou-
plings are IR finite implies the universality of the corre-
sponding IR fixed points.
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